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Laminar Subsonic, Supersonic, and Transonic
Boundary-Layer Flow past a Flat Plate

S. P. Otta∗ and A. P. Rothmayer†

Iowa State University, Ames, Iowa 50011

A boundary-layer formulation is developed for the low-Mach-number limit. Self-similar low-Mach-number
Falkner–Skan solutions are found for flow past a wedge. From computation of both this low-Mach-number-limit
solution and the full compressible boundary-layer equations, it is shown that laminar transonic boundary-layer
flow past a constant temperature flat plate may be accurately calculated using the simpler low-Mach-number-limit
solution.

Nomenclature
C = viscosity–density parameter
C f = skin-friction coefficient
CH = heat transfer coefficient
e, h = temperatures with and without Mach

number heating
J = total enthalpy
M∞ = freestream Mach number
m∞ = parameter relating τ and M∞
Pr = Prandtl number
Re = Reynolds number
Tc = temperature within the boundary layer scaled

using |Te − Tw| for a flat plate
Te, Je = temperature and total enthalpy at the edge

of the boundary layer
T ∗

e = dimensional temperature at the edge
of the boundary layer

Tw = nondimensional wall temperature
T̂ , R̂ = nondimensional perturbation temperature and

density within the boundary layer
U, V = streamwise and wall-normal velocities
Ue = velocity at the edge of the boundary layer
β = pressure gradient parameter
�T ∗ = dimensional temperature difference between

the freestream and the wall
ρ = density within the boundary layer
ρe, µe = density and viscosity at the edge of the

boundary layer
ρw = nondimensional wall density
τ = freestream air temperature perturbation from

wall temperature
ψ, �, �̂, f = stream functions

Subscripts

e = property at the edge of the boundary layer
s, N = derivatives in boundary-layer equations
w = property at the wall
ξ, η = derivatives in boundary-layer equations

in transformed coordinates
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Superscript

∗ = dimensional quantity

I. Introduction

C OMPRESSIBLE boundary layers have been extensively stud-
ied for a variety of applications from flat plates to swept wings

and for subsonic Mach numbers to hypersonic Mach numbers. For
low subsonic Mach numbers, it is often possible to assume incom-
pressible flow. Hypersonic boundary layers at high Mach numbers
generally involve strong interaction and strong viscous dissipation
in a high-temperature, chemically reacting flow and require a more
detailed set of equations. For transonic and supersonic flows, how-
ever, the boundary-layer equations are reasonably accurate, though
changes in viscosity and thermal conductivity within the boundary
layer must be taken into account.

In previous computations by other authors, the compressible
boundary-layer equations have been solved with a variety of ap-
proximations. The viscosity–density parameter ρµ/ρeµe appear-
ing in the transformed boundary-layer equations is computed using
Sutherland’s law, the power law, or a linear law. In some studies,
the coefficient of proportionality for the linear law or the exponent
in power law is such that the parameter ρµ/ρeµe is approximately
constant, where e is the edge conditions in the boundary layer.1−4

In addition, using a range of values of the exponent ω in the power
law5 or Sutherland’s law (Van Driest6) allows this parameter to vary
within the boundary layer (see also Refs. 7–11). More recently,
Moraes et al.12 (see also Ref. 13) gave a complete solution of the
boundary-layer equations, while incorporating change of viscosity
using Sutherland’s law. In the current study, as in Refs. 6 and 12,
Sutherland’s law for viscosity is used along with the ideal gas as-
sumption. In this study, the boundary-layer equations are solved,
fully accounting for the change of viscosity and thermal conductiv-
ity within the boundary layer. The exact solution obtained from this
computation is used for a comparison with simpler subsonic low
Mach number solutions.

In contrast to solving the full compressible boundary layer equa-
tions, it is possible to use an asymptotic approach to simplify
the equations. It has been studied by Herwig14 and Gersten and
Herwig.15 As mentioned by Schlichting,16 this approach uses a Tay-
lor series expansion of properties such as density at the freestream
temperature. The zero-order solution for this approach is the con-
stant property incompressible boundary layer. The higher-order so-
lution includes the effect of changes in Prandtl number and Eckert
number. The Eckert number Ec = U ∗2/(c∗

pT ∗) reduces to
(γ − 1)M2

∞ for ideal gases. Additionally, Herwig17 gave solutions
for wedge flows using an asymptotic approach with two perturbation
parameters, the first being the Eckert number and the second a heat
transfer parameter. The heat transfer parameter is ε = (T ∗

w − T ∗)/T ∗

for constant T ∗
w .

In the current study, an alternate asymptotic formulation is de-
veloped for the boundary-layer equations at low subsonic Mach
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numbers for aircraft icing where the wall is assumed to be at a
constant freezing temperature for water.18 A perturbation param-
eter, the freestream air temperature perturbation τ , is introduced
at low subsonic Mach numbers, where boundary-layer heating due
to viscous dissipation is comparable to freestream heating/cooling.
When this parameter is used for expansions of basic flow quantities,
such as density and temperature, the boundary-layer equations are
then reduced to incompressible boundary-layer equations for mo-
mentum at zero-order and higher-order equations for temperature.
Both nonsimilar and self-similar boundary layer equations are given,
along with self-similar Falkner–Skan solutions. Because this pertur-
bation is related to Mach number due to the assumed relationship
between boundary-layer heating and freestream heating/cooling, it
is possible to include the effect of both perturbation parameters used
by Herwig17 in properties such as density. It is shown that this asymp-
totic formulation for low Mach number subsonic boundary layers
yields accurate results for transonic compressible boundary-layer
flow past a flat plate. Because the subsonic formulation is much
simpler than obtaining transonic boundary-layer solutions by direct
computation, it is suggested that this low Mach number formulation
for the flat plate may be used as a simplified test case for computa-
tional fluid dynamics and flow stability analysis.

II. Boundary-Layer Equations
When starting from the dimensional Navier–Stokes equations, the

boundary-layer equations are obtained using boundary-layer scal-
ings, which are based on freestream Reynolds number. The result-
ing equations are usually expressed as a continuity equation, an
x-momentum equation, and an energy equation. The energy equa-
tion may be expressed in terms of temperature or total enthalpy. The
form involving the total enthalpy is used in the current study.

For the Prandtl boundary layer, the momentum equation is16

ρ(UUs + V UN ) = ρeUeU
′
e(s) + (µUN )N

The energy equation in total enthalpy form is given by

ρ(U Js + V JN ) = [
µ(1 − 1/Pr)(U 2/2)N

]
N

+ [(µ/Pr)JN ]N

where s is the arclength along the surface, n = Re−1/2 N is the
boundary-layer coordinate normal to the surface, ρ is the density,
and U and V are the streamwise and wall-normal velocities, respec-
tively, within the boundary layer. The total enthalpy is expressed in
terms of the temperature and velocity as follows:

J = 1

(γ − 1)M2∞
T + 1

2
U 2

The boundary-layer equations are transformed into the Levy3–
Lees19 variables (also referred to as the Lees–Dorodnitsyn
transformation; also see Illingworth,20 Stewartson,21 Howarth,22

Dorodnitsyn,23 and Anderson24)

ξ =
∫ s

0

ρeµeUe ds, η = Ue√
2ξ

∫ N

0

ρ dN

When a stream function ψ = √
(2ξ) f (ξ, η) similar to the Görtler

variables in incompressible boundary layers (see Ref. 16) is used,
the ratios of the streamwise velocity and the total enthalpy within
the boundary layer to the same quantities at the edge of the boundary
layer may be expressed as

fη(ξ, η) = U/Ue, g(ξ, η) = J/Je

Because the total enthalpy is constant everywhere outside the bound-
ary layer, and both the velocity and the temperature may be taken as
unity in the freestream, the total enthalpy at the edge of the boundary
layer may be written as

Je = 1

(γ − 1)M2∞
+ 1

2

The boundary-layer equations written in the Levy–Lees variables
then become (see Ref. 16)

[C fηη]η + f fηη + β
[
ρe/ρ − f 2

η

]= 2ξ( fη fηξ − fηη fξ ) (1)

[
(C/Pr)gη + C

(
U 2

e

/
Je

)
(1 − 1/Pr) fη fηη

]
η
+ f gη

= 2ξ( fηgξ − gη fξ ) (2)

where

C = ρµ

ρeµe
, β = 2ξ

Ue

dUe

dξ

These equations are valid for subsonic, transonic, and supersonic
Mach numbers. At the wall, a fixed temperature or a heat transfer
rate may be specified. At the edge of the boundary layer, Te and Ue

vary along the arclength.

III. Low-Mach-Number Solutions
A self-similar Falkner–Skan solution of this problem may be

found at low Mach numbers (see Rothmayer18). In this limit, the
airflow is assumed to be a low Mach number flow (M∞ � 1) at
approximately constant temperature. This implies that the flow is
incompressible at leading order. In addition, it is assumed that the
Mach number heating is comparable with freestream temperature
perturbation τ , that is,

M∞ = m∞τ
1
2 (3)

where the temperature at the wall is expressed as Tw = T ∗
wall/T∞ =

[1 + �T ∗/T ∗
wall]

−1 and the temperature perturbation is defined to be

τ = �T ∗

T ∗
wall

=
∣∣T∞ − T ∗

wall

∣∣

T ∗
wall

= |1 − Tw|
Tw

(4)

Because the dimensional temperature change is small, the perturba-
tion τ � 1. A limit solution is sought as τ → 0. The edge temperature
of the boundary layer is given in terms of the edge velocity of the
boundary layer Ue by

Te = 1 + [(γ − 1)/2]m2
∞
(
1 − U 2

e

)
τ + · · ·

In this limit, the stream function expansion within the boundary
layer is found to be

ψ ∼ Re− 1
2 � + Re− 1

2 τ�̂ + · · ·
and the density and temperature expansions are

(ρ, T ) ∼ (1, 1) + τ(R̂, T̂ ) + · · · (5)

The resulting boundary-layer equations are

�N �s N − �s�N N = UeU
′
e(s) + �N N N

�N T̂s − �s T̂N = (γ − 1)m2
∞
[−�N UeU

′
e(s) + �2

N N

]+ Pr−1T̂N N

(6)

The preceding equations may be rewritten using Görtler variables,

ξ =
∫ s

0

Ue(s) ds, η = Ue N√
2ξ

, � =
√

2ξ f (ξ, η)

in which case, the stream function equation reduces to

fηηη + f fηη + β
[
1 − f 2

η

]= 2ξ [ fη fξη − fξ fηη] (7)

with the following boundary conditions: f (ξ, 0) = fη(ξ, 0) = 0 and
fη(ξ, ∞) → 1. Likewise, the energy equation reduces to

(1/Pr)T̂ηη + f T̂η + (γ − 1)m2
∞U 2

e

[
f 2
ηη − β fη

]= 2ξ( fη T̂ξ − T̂η fξ )

(8)
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with the boundary conditions T̂ (ξ, 0) = ∓1 and T̂ (ξ, ∞) →
[(γ − 1)/2]m2

∞(1 − U 2
e ). The upper/lower sign for the wall bound-

ary condition refers to the freestream temperature above/below the
wall temperature. The temperature field is decomposed into the zero-
Mach-number solution and the contribution at higher subsonic Mach
numbers, that is,

T̂ = ±[e(ξ, η) − 1] + [(γ − 1)/2]m2
∞
[
e(ξ, η) − U 2

e h(ξ, η)
]

(9)

The energy equation is rewritten using the preceding linear decom-
position for temperature and the two temperatures e and h satisfy

Pr−1eηη + f eη = 2ξ [ fηeξ − fξ eη] (10)

with boundary conditions e(ξ, 0) = 0 and e(ξ, ∞) = 1 and

Pr−1hηη + f hη − 2β fηh = 2
[

f 2
ηη − β fη

]+ 2ξ [ fηhξ − fξ hη]
(11)

with boundary conditions h(ξ, 0) = 0 and h(ξ, ∞) = 1.
Self-similar Falkner–Skan solutions for the preceding equations

may be obtained for flows past wedges, where the inviscid solution is
Ue = Ue0sβ/(2 − β) and the boundary-layer coordinate and the stream
function are

η =
√

Ue0/(2 − β)Ns(β − 1)/(2 − β)

� =
√

Ue0(2 − β)s1/(2 − β) f (η)

Here β is the standard pressure gradient parameter. The stream func-
tion satisfies the well-known Falkner–Skan equation

fηηη + f fηη + β
[
1 − f 2

η

]= 0 (12)

with f (0) = fη(0) = 0 and fη(∞) → 1. The temperature split
[Eq. (9)] becomes

T̂ = ±[e(η) − 1] + [(γ − 1)/2]m2
∞
[
e(η) − U 2

e0s2β/(2 − β)h(η)
]

The two functions e and h now satisfy

Pr−1eηη + f eη = 0 (13)

with boundary conditions e(0) = 0 and e(∞) = 1 and

Pr−1hηη + f hη − 2β fηh = 2
[

f 2
ηη − β fη

]
(14)

with boundary conditions h(0) = 0 and h(∞) = 1. The skin-friction
and heat transfer coefficients for the self-similar solution are found
to be

C f = λ = UN (s, 0) = Ue0

√
Ue0/(2 − β)s(2β − 1)/(2 − β) fηη(0)

CH = qw = T̂N (s, 0) =
√

Ue0/(2 − β)s(β − 1)/(2 − β)

× {±eη(0) + [(γ − 1)/2]m2
∞
[
eη(0) − U 2

e0s2β/(2 − β)hη(0)
]}

(15)

The solutions of the Falkner–Skan equation and the energy equation
are shown in Figs. 1–5. The skin friction is compared with the
results from White25 and Davis et al.26 A grid size study is shown
in Figs. 1, 3, and 5. Figures 1, 3, and 5 show both a coarse and
fine grid solution. The Prandtl number is taken to be 0.72, and β
is taken to be approximately 1.0, 0.0, and −0.1989 for the upper
branch and −0.1, −0.05, and −0.01 for the lower branch. As β
decreases from 1 to −0.1989 on the upper branch, the boundary-
layer thickness increases. On the lower branch, part of the boundary
layer is separated. The separated region grows as β → 0. Both the
temperatures e and h show an increase in the thermal boundary
layer thickness as the flow becomes more separated (Figs. 2 and 4),
accompanied by a decrease in the heat flux at the wall at fixed
Mach number (Figs. 3 and 5). Adverse pressure gradients affect the
temperature h more strongly than the temperature e, as seen in the
sharp increase for the temperature h near the wall (Fig. 4). Note
that the heat flux at the wall for the temperatures e and h is positive
for all β and the heat flux approaches 0 as β → 0 along the lower
branch for the fully separated boundary layer.

Fig. 1 Wall skin-friction parameter with Pr = 0.72: ——, coarse- and
fine-grid solutions and �, data from White25 for upper branch and Davis
et al.26 for lower branch.

Fig. 2 Self-similar temperature function e with Pr = 0.72: ——,
β = 1.0; – – –, 0.0; –·–, −−0.1989; — —, −−0.1; –··–, −−0.05; and — - —,
−−0.01.

Fig. 3 Wall heat flux parameter of self-similar temperature function
e with Pr = 0.72: both coarse- and fine-grid solutions.

IV. Validation Using High-Mach-Number Solutions
Numerical solutions are found for the following finite-Mach-

number self-similar boundary-layer equations for flow past a flat
plate:

[C fηη]η + f fηη + β
[
ρe/ρ − f 2

η

]= 0 (16)

[
(C/Pr)gη + C

(
U 2

e

/
Je

)
(1 − 1/Pr) fη fηη

]
η
+ f gη = 0 (17)
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Fig. 4 Self-similar temperature function h with Pr = 0.72: ——,
β = 1.0; – – –, 0.0; –·–, −−0.1989; — —, −−0.1; –··–, −−0.05; and — - —,
−−0.01.

Fig. 5 Wall heat flux parameter of self-similar temperature function
h with Pr = 0.72: both coarse- and fine-grid solutions.

Viscosity is calculated using Sutherland’s law, and density is cal-
culated from the relation ρeTe = ρT . This approach fully accounts
for changes in viscosity and density within the boundary layer. For
the flat plate, Ue = 1 and Te = 1. Je is constant for a given Mach
number. A second-order-accurate Crank–Nicolson method is used
to solve Eqs. (16) and (17) (Tannehill27; also see Ref. 28).

The edge temperature Te and wall temperature Tw are taken to be
fixed. The Prandtl number is taken to be 0.72, and the temperature
Tc is given by

Tc = [T − Tw]/|Te − Tw|
The effect of viscous heating within the boundary layer is evident in
the temperature Tc. The velocity profile shows insignificant change
with an increase in Mach number up to M∞ = 1.5. The zero-Mach-
number solution is taken from Eqs. (12–14) with m∞ = 0.

To check the validity of the computations, a comparison is made
with a case where Tw = Te, T ∗

e = 217.67 K and Pr = 0.75 (see Van
Driest6). It is understood that the calculation being done for laminar
compressible boundary layers does not account for the effects of
turbulence or the viscous/inviscid hypersonic boundary-layer inter-
actions at high Mach numbers. The primary objective of the com-
parison is to validate the numerical calculations.

To go from the Levy–Lees variables of Eqs. (1) and (2) to the
physical coordinate, the inverse transformation

N =
(√

2ξ

Ue

)∫ η

0

(
1

ρ

)
dη

is used. For the flat plate, ρe = 1, µe = 1, and Ue = 1, and this implies
that

ξ =
∫ s

0

ρeµeUe ds = s

Thus, the inverse transformation for the physical coordinates is29

s = ξ N =
√

2ξ

∫ η

0

(
1

ρ

)
dη

When these inverse transformations are used, the calculations for
velocity and temperature are shown in physical coordinates at s = 1
(Figs. 6 and 7). It is seen that the results compare well with those
of Van Driest.6 The change of the viscosity–density parameter
across the boundary layer is shown in Fig. 8. It may be observed
here that the viscosity–density parameter does not change more
than 10% for the lower Mach numbers. Thus, in Eqs. (1) and (2),
the viscosity–density parameter C may be assumed to be equal to
1. Figure 9 shows that for Mach number equal to 4.0 the differences
in the temperatures profiles are not significant. For Mach number
equal to 8.0, these differences are significant. A similar behavior
occurs for velocity. This implies that for cases corresponding to
higher Mach numbers the viscosity–density parameter C should be
included in the calculations.

Fig. 6 Velocity in physical coordinates with Tw = Te, T∗
e = 217.67 K,

Pr = 0.75 at s = 1: ——, M∞ = 0.0; – – –, 4.0; –·–, 8.0; - - - -, 12.0; — —,
16.0; –··–, 20.0; and for Van Driest’s6 case: �, M∞ = 0.0; �, 4.0; �, 8.0;
>, 12.0; < , 16.0; and �, 20.0.

Fig. 7 Temperature in physical coordinates with Tw = Te, T∗
e =

217.67 K, Pr = 0.75 at s = 1: ——, M∞ = 0.0; – – –, 4.0; –·–, 8.0; - - - -,
12.0; — —, 16.0; –··–, 20.0 and for Van Driest’s case: �, M∞ = 0.0; �,
4.0; �, 8.0; >, 12.0; < , 16.0; and �, 20.0.
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Fig. 8 Variation of viscosity-density parameter with Tw = Te, T∗
e =

217.67 K, Pr = 0.75 at s = 1: ——, M∞ = 0.0; –·–, 4.0; – – –, 8.0; — —,
12.0; –··–, 16.0; and — - —, 20.0.

Fig. 9 Temperature for constant and varying viscosity-density param-
eter with Tw = Te, T∗

e = 217.67 K, Pr = 0.75 at s = 1.

V. Comparison with Low-Mach-Number Solutions
A comparison is made between the finite-Mach-number transonic

boundary-layer calculations and the low-Mach-number asymptotic
equations for τ � 1. The formal connection between the two solu-
tions may be shown using the expression for the temperature inside
the boundary layer [Eq. (5)] and the relationship between the Mach
number and the temperature perturbation [Eq. (3)]. The ratio of the
total enthalpy to the total enthalpy at the edge of the boundary layer
then reduces to

g = 1 + τ ĝ + · · ·

where ĝ = [T̂ − 1
2 (γ − 1)m2

∞(1 − U 2
e f 2

η )]. When this expansion is
used, the energy equation (2) for the nonsimilar compressible bound-
ary layer becomes

[(1/Pr)T̂η]η + f T̂η + (γ − 1)m2
∞U 2

e

[
f 2
ηη − β fη

]

= 2ξ( fη T̂ξ − T̂η fξ ) (18)

Equation (18) is identical to the transformed temperature perturba-
tion equation (8) derived from Eq. (6) when the Prandtl number is
constant. When the temperature decomposition for the nonsimilar
boundary layer [Eq. (9)] is used, this equation reduces to Eqs. (10)
and (11) and ultimately to Eqs. (13) and (14), when using a self-
similar approximation.

The heat transfer coefficient at the wall for the finite Mach number
self-similar problem may be written as follows:

CH = qw =
√

1

2s
ρw

∂Tc

∂η
(0) (19)

The results computed for the transonic boundary layer are compared
to the heat transfer coefficient computed from the low-Mach-number
self-similar solution (15), which takes the following form for flow
past a flat plate:

CH = qw = T̂N (s, 0) =
√

1/2s
{±eη(0) + [(γ − 1)/2]

× m2
∞[eη(0) − hη(0)]

}
(20)

The comparisons of the heat transfer coefficients [plotted as√
(2s)CH ] are shown in Figs. 10 and 11. The actual heat transfer

coefficient is obtained by multiplying Eq. (19) with |Te − Tw|. The
dimensional wall temperature is fixed at 273.15 K. The dimensional
temperature at the edge of the boundary layer is expressed in terms
of the wall temperature and a dimensional temperature difference
�T ∗, as T ∗

e = T∞ = T ∗
wall − �T ∗ for the flat plate. The air tempera-

ture perturbation τ is computed using the definition of Eq. (4). As the
factor m∞ increases, the Mach number [Eq. (3)] increases for a fixed
air temperature perturbation. The heat transfer coefficient increases

Fig. 10 Comparison of wall heat transfer of transonic calculations
with low Mach number limit solution: darkened symbols, location
of M∞ = 1 point on computed transonic heat transfer curve for
given dimensional temperature difference ∆T∗ where T∗

wall = 273.15 K,
T∗

e = T∞ = T∗
wall −− ∆T∗.

Fig. 11 Comparison of wall heat transfer of transonic calculations
with low Mach number limit solution: darkened symbols, location
of M∞ = 2 point on computed transonic heat transfer curve for
given dimensional temperature difference ∆T∗ where T∗

wall = 273.15 K,
T∗

e = T∞ = T∗
wall −− ∆T∗.
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along with the increase in Mach number. In Fig. 10, the heat trans-
fer coefficient is shown with changing m∞ and is divided into two
regions, the first region with M∞ ≤ 1 and the second with M∞ > 1.
(The dividing Mach number at M∞ = 1 is identified by a darkened
symbol.) In all cases, it may be seen that the darkened symbol at
M∞ = 1 is very close to the low Mach number solution for heat
transfer. Similarly, in Fig. 11, the curves for heat transfer coefficient
are divided into different regions, the first region with M∞ ≤ 2 and
the second with M∞ > 2. (The dividing Mach number at M∞ = 2 is
identified by a darkened symbol.) When Figs. 10 and 11 are consid-
ered, it may be seen that the darkened symbols for the Mach numbers
dividing the low- and high-Mach-number heat transfer curves are
gradually moving away from the solution for low Mach numbers, as
the Mach number increases. However, this change is small even at
M∞ = 2, and the heat transfer predicted from the low-Mach-number
solutions may be used without much loss of accuracy. This is con-
sistent with the observations of Herwig17 that an asymptotic theory
using perturbation parameters is valid at higher Mach numbers.

VI. Summary
The steady laminar boundary-layer equations are solved for sub-

sonic, transonic, and supersonic flow past a flat plate, and the solu-
tions are compared with the work of other authors. A simple self-
similar low-Mach-number limit solution is obtained for Falker–Skan
flows past wedges. Comparison of the low-Mach-number solution
and the full boundary-layer computations reveal that the limit so-
lution can accurately capture boundary-layer surface heat flux up
through low supersonic Mach numbers.
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